The isotopic shifts are determined to high accuracy for a number of light two-electron Li + , Be 2+ , B 3+ and C 4+ ions. The field components of these isotopic shifts have been determined with the use of the exact Racah-Rosental-Breit
The dependence of the total energies of bound states of different isotopes of the same chemical element upon the 'isotope numbers' is called the isotopic shift. By the 'isotope numbers' we mean the mass of the nucleus and its electric charge density distribution (or proton density distribution). In general, the isotopic shift can be observed in arbitrary, in principle, atomic system which has a central, heavy nucleus with the finite mass, positive electric charge and finite radius. In general, the isotopic shift ∆E of the bound state level with the total energy E has the two following components: the first component which depends upon the mass of the nucleus and the second component which mainly depends upon the electric charge density distribution in the atomic nucleus. In turn, the first component is represented as the sum of the normal and specific components. Each of these two components is proportional to the factor me M
, where m e is the mass of the electron, while M is the nuclear mass. For few-electron (N−electron) atoms and ions the exact formula for the isotopic shift ∆E takes the form
where the notation X designates the expectation value of the operatorX. For the twoelectron (or helium-like) atoms and ions in atomic unitsh = 1, m e = 1, e = 1 the last formula is reduced to the form
As follows from this formula the expression for the normal and specific components of the isotopic shift are
and
respectively. As follows from Eq.(3) to determine the normal and specific components of the isotopic shift in two-electron atom/ion one needs to obtain the expectation values of the p 2 1 and p 1 · p 2 operators. Everywhere in this study we assume that the wave functions of the two-electron atom/ion are properly symmetrized upon spin-spatial permutations of the two electrons and, therefore, the corresponding single-electron expectation values are always equal to each other, e.g., p
In actual two-electron atomic systems, i.e. in the systems with the finite nuclear mass M, one can use the condition which follows from the conservation of the total momentum P N = p 1 + p 2 , where P N is the momentum of the nucleus, while p 1 and p 2 are the electron momenta. From here one finds:
and, therefore, from Eqs. (2) and (4) we have
i.e. the mass dependent component of the isotopic shift is the expectation value of the kinetic energy of the atomic nucleus with the large (but finite!) mass. In many books and textbooks the formula, Eq. (5), is considered as the original (or fundamental) expression, while Eq. (1) is derived from this formula.
As mentioned above the field component of the isotopic shift explicitly depends upon the nuclear size (radius) R and proton distribution density in the nucleus. It is clear that this component also depends upon the mass of atomic nucleus M, since the nuclear matter is a saturated matter (in contrast with the Coulomb matter). Therefore, the nuclear radius R is uniformly related to the number of nucleons A in the nucleus: R = r 0 · A Let us present here the well known formula obtained by Racah, Rosental and Breit for the field shift (see, e.g., [1] and references therein)
where Q is the nuclear charge, R is the nuclear radius and
is the dimensionless constant which is the small parameter in QED. In Eq. (3) the notation Γ(x) stands for the Euler's gamma-function, while the factor B(b) is directly related to the proton density distribution in the atomic nucleus. By assuming the uniform distribution of the proton density over the volume of the nucleus one finds the following expression for the factor B(b)
For light nuclei with Q ≤ 6 we have b ≈ 1 and B ≈ 1 5 . The formula, Eq.(6), was used in many theoretical papers for numerical evaluations of the filed component of the isotopic shift, or field shift for short. In some works, however, this formula was written with a number of 'obvious simplifications'. Many of such 'simplifications' are based on the fact that for light nuclei the numerical value of the factor b is close to unity. Furthermore, in some papers the factor b was mistakenly called and considered as the Lorentz factor, while the actual Lorentz factor γ is its inverse value γ =
. Such a factor γ always exceeds unity.
In this study we evaluate the isotopic shift for a number of the ground 1 1 S(L = 0)−states in the light two-electron ions by using the exact (not approximate!) formula, Eq.(6). Such evaluations allow one to evaluate the numerical errors which arise from the use of approximate expressions. Our main interest in this study is related with the field component of the isotopic shift. As follows from Eq. (6) to evaluate the field component of the field shift one needs to determine to very high accuracy the expectation value of the electron-nuclear delta-function (or the δ(r eN ) value). In this study for each light element/atom all isotopic shifts are determined in respect to the model (or idealized) isotope which has the infinitely heavy nucleus with zero spatial radius (zero charged radius). In this case the ratio δR R in Eq.(6) equals unity, and this equation can be re-written to the form (in atomic units)
where r e = α 2 a 0 ≈ 2.817940 f m (1 f m = 1c·10 −13 cm)) is the classical radius of the electron.
For light atomic nuclei the dimensionless factor R re in the last formula is close to unity. Also, in our calculations we have used the following numerical values for the physical constants: α = 7.297352569 · 10 −3 and a 0 = 5.291772109 · 10 −9 cm. The formula, Eq. (8), has been used in all calculations performed for this study. As follows from Eq. (8) to determine the field component of the isotopic shift one needs to know the expectation value of the electronnuclear delta-function δ(r eN ) and numerical value of the nuclear radius R. The expectation value of δ(r eN ) can be found from the results of highly accurate atomic computations, while the nuclear radius must be taken from nuclear experiments (see, e.g., [6] ).
In this study we consider a few light two-electron (or He-like) ions: Li + , Be 2+ , B 3+ and C 4+ . The total energies and some other properties (or expectation values) of the corresponding model ions (with the infinite nuclear mass and zero spatial radii) can be found in Tables I -IV . The convergence of the results upon the total number of basis function N used in calculations is also shown in Tables I -IV. For these Tables we have computed 
Formally, it is an avaraged velocity of the electron at the nucleus. In the general case, this expectation value gives the relative velocity of the two particles (i and j) at the (ij)−collision point. For pure Coulomb systems, e.g., for the atom with the nuclear charge Q, such a velocity is known from the corresponding classical problem. In particular, for the atom with the nuclear charge Q, the electron-nuclear cusp ν eN must be equal (in atomic units)
The coincidence of the computed ν eN value with the nuclear charge Q (or -Q) indicates the quality of the variational (atomic) wave functions around the nucleus and overall accuracy of the computed expectation value of the electron-nuclear delta-function. In all calculations performed for this study we have used our exponential variational expansion in relative coordinates described in detail in our earlier papers, see, e.g., [2] , [3] . Here we do not want to repeat these descriptions of our variational expansion. Note also that in our calculations we have determined many dozens of different expectation values, including singular expectation values. However, in Tables I -IV only to a few expectation values are presented. All these values are needed for numerical evaluation of the isotopic shifts. derermined with the use of the formula Eq. (8) . In this Table we also present the numerical values of the following factors from that formula: R (the actual nuclear radius), b, X =
and Y = R re 2b . The expectation values of the electronnuclear delta-functions were taken from Tables I -IV. To evaluate the Euler's gammafunction Γ(x) we have used the approximate 7-term formula derived by Lanczos [7] . The overall accuracy of this formula is ≈ 1 · 10 −10 − 2 · 10 −10 .
Appendix I.
The formula which provides the uniform relation between the nuclear mass M and total number of nucleons A, nuclear charge Z (= number of protons N p ) and number of neutrons N n in the nucleus was derived in 1937 by Bethe, Weizäcker and others. Now, this formula is know as the Weizäcker formula [8] , or Bethe-Weizäcker formula. This five-term formula for the nuclear binding energy E b was produced 75 years ago and since then its general structure has never been changed. First, note that the mass formula for an arbitrary nucleus is written in the form
where M is the nuclear mass of the nucleus with A nucleons, Z protons and N neutrons Appendix II.
In general, the bound state in any few-electron atom arises in the result of proper balance between kinetic energy T e of atomic electrons, electron-nuclear (Coulomb) attraction U en and electron-electron (Coulomb) repulsion U ee . The total energy E of this bound state is written as the following sum:
where in the right-hand side we have used the virial theorem for the Coulomb potential (see, e..g, [9] ) T e = − 1 2
(U ne + U ee ). To solve the problem we need the explicit expression for the correlation energy U ee in terms of the electron-nuclear attraction energy U ne . Such an analytical relation can be found in a few restricted cases, e.g., in the Thomas-Fermi method one finds:
U ne and E = U ne . For highly accurate method the situation is significantly more complicated, but qualitatively the actual relations between T e , U ne and U ee are similar to the relations obeyed in the Thomas-Fermi model.
First, note that the Schrödinger equation for an arbitrary non-relativistic N−electron
atom/ion takes the form
where Q is the electric charge of the nucleus and the mass of the central nucleus is assumed to be finite. Here we shall not assume that N = Q. In Eq.(14) the terms in the first sum (∼ p 2 i ) represent the kinetic energies of electrons, while other terms correspond to the electron-nuclear Coulomb attraction and/or electron-electron Coulomb repulsion. From this equation one finds the following relation for the expectation values (in atomic units):
where the subscript e means the electron, while the subscript n stands for the nucleus.
Let us assume that we know the highly accurate solution of the Schrödinger equation,
i.e. the wave function Ψ in Eq. (14) is known. In this case the following condition must be obeyed for these three expectation values:
which is known as the virial theorem (see, e.g., [9] ). Now, after a few steps of simple transformations one finds the following formula for the total energy E (in atomic units) (results from calculations with 3700 basis functions). By using these expectation values one finds the total energy E from Table IV. In the general case, The formula, Eq. (17), is also applied in the case of N = 1 (hydrogen-like atoms and ions).
In this case the electron-electron repulsion is not defined, but it is multiplied by a factor which equals zero. As follows from Eq.(17), if we can determine the two unknown functions 
